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ON ALMOST QUASI-NEGATIVE HOLOMORPHIC SECTIONAL
CURVATURE
YASHAN ZHANG AND TAO ZHENG
Abstract. A recent celebrated theorem of Diverio-Trapani and Wu-Yau states that
a compact Ka¨hler manifold admitting a Ka¨hler metric of quasi-negative holomorphic
sectional curvature has an ample canonical line bundle, confirming a conjecture of Yau.
In this note we shall introduce a natural notion of almost quasi-negative holomorphic
sectional curvature and extend this theorem to compact Ka¨hler manifolds of almost
quasi-negative holomorphic sectional curvature. We also obtain a gap-type theorem for
the inequality
∫
X
c1(KX)
n
> 0 in terms of the holomorphic sectional curvature. The
α-invariant plays a key role in the discussions.
1. Introduction
1.1. Backgrounds. Negativity of the holomorphic sectional curvature is a classic subject
in the study of complex geometry, and deeply relates to several topics, including Kobayashi
hyperbolicity, rigidity theorems of holomorphic maps, positivity of the canonical line
bundle, etc.. One of the most fundamental questions is a conjecture of S.-T. Yau, which
predicts that the negativity of the holomorphic sectional curvature should closely affect
the positivity of the canonical line bundle. Precisely, Yau conjectured that a compact
Ka¨hler manifold admitting a Ka¨hler metric of negative holomorphic sectional curvature
has an ample canonical line bundle, which has attracted lots of attention (see e.g. [2, 4,
5, 6, 10, 14, 15, 16, 17, 18, 19, 22] etc.). A recent breakthrough of Wu-Yau [17] proved
Theorem 1.1. [17] A projective manifold admitting a Ka¨hler metric of negative holomor-
phic sectional curvature has an ample canonical line bundle.
The surface case and threefold case in Theorem 1.1 were previously proved by B. Wong
[15] and Heier-Lu-B. Wong [4], respectively, and Heier-Lu-B. Wong [5] proved Theorem
1.1 by assuming Abundance Conjecture.
Tosatti-Yang [14] extended Wu-Yau’s Theorem 1.1 to the Ka¨hler case and hence proved
above-mentioned Yau’s conjecture in full generality:
Theorem 1.2. [14] A compact Ka¨hler manifold admitting a Ka¨hler metric of negative
holomorphic sectional curvature has an ample canonical line bundle.
A key step in [14] is the following, whose projective case is a consequence of Yau’s
Schwarz Lemma [20] and Mori’s Cone Theorem (see e.g. [9]):
Theorem 1.3. [14] A compact Ka¨hler manifold admitting a Ka¨hler metric of nonpositive
holomorphic sectional curvature has a nef canonical line bundle.
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Wu-Yau and Tosatti-Yang’s result was later extended to the case of quasi-negative
holomorphic sectional curvature (which was also a conjecture of Yau) by Diverio-Trapani
[2] and Wu-Yau [18] (also see P. Wong-Wu-Yau [16] for the special case that the manifold
has Picard number one):
Theorem 1.4. [2, 18] A compact Ka¨hler manifold admitting a Ka¨hler metric of quasi-
negative holomorphic sectional curvature has an ample canonical line bundle.
In the proof of Theorem 1.4, a key step is the following inequality (see [2, Section 2]
and [18, Theorem 2]):
Theorem 1.5. [2, 18] Let X be an n-dimensional compact Ka¨hler manifold. If X admits
a Ka¨hler metric of quasi-negative holomorphic sectional curvature, then∫
X
c1(KX)
n > 0.
Remark 1.6. It is conjectured (see [14, Remark 1.7], [19, Conjectures 1.1]) that the above
theorems could be extended to the Hermitian case, and there are interesting progresses,
see [19, 12, 8].
1.2. Almost nonpositivity of the holomorphic sectional curvature and nefness
of the canonical line bundle. Motivated by Tosatti-Yang’s Theorem 1.3 and the def-
inition of nefness of the canonical line bundle, the first-named author introduced in the
previous work [22] a natural notion of almost nonpositive holomorphic sectional curvature.
Let’s first recall some necessary notations. Let (X,ω) be a Ka¨hler manifold of dimension
dimCX = n. In a local holomorphic chart (z
1, ..., zn), we write
ω =
√−1gij¯dzi ∧ dz¯j ,
then the curvature tensor Rω = {Rω
ij¯kl¯
} of ω is given by
Rωij¯kl¯ = −
∂2gkl¯
∂zi∂z¯j
+ gq¯p
∂gkq¯
∂zi
∂gpl¯
∂z¯j
.
Given x ∈ X and W ∈ T 1,0x X \ {0}, the holomorphic sectional curvature of ω at x in
the direction W is
Hωx (W ) :=
Rω(W,W,W,W )
|W |4ω
.
We set
Hωx := sup{Hωx (W )|W ∈ T 1,0x X \ {0}}
and
µω := sup
x∈X
Hωx .
Throughout this paper, we always assume that each involved Ka¨hler metric ω satisfies
µω > 0.
Define a continuous real function κω for (X,ω) as follows:
κω(x) := ρ(H
ω
x ) ·Hωx , (1.1)
where ρ : R→ {n+1
2n
, 1} is a function with ρ(s) = n+1
2n
for s ≤ 0 and ρ(s) = 1 for s > 0.
Definition 1.7 (Almost nonpositive holomorphic sectional curvature [22]). Let (X,ω0)
be a compact Ka¨hler manifold.
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(1) Let [ω] be a Ka¨hler class on X . Define a number µ[ω] for [ω] in the following way:
µ[ω] := inf{µω′|ω′ is a Ka¨hler metric in [ω]}.
(2) We say X is of almost nonpositive holomorphic sectional curvature if
there exist a sequence number ǫi ց 0 and a sequence of Ka¨hler class αi on X such
that µαiαi < ǫi[ω0].
(3) We say the Ka¨hler class [ω] is of almost nonpositive holomorphic sectional
curvature if µ[ω] = 0.
As we mentioned above, Definition 1.7 is mainly motivated by the definition of the
nefness of the canonical line bundle, which turns out to be also natural from the point
of view of generalizing rigidity theorem for holomorphic maps, see [23, Theorem 1.1,
Corollary 4.1, etc.]. As an application, Theorem 1.3 can be generalized as follows:
Theorem 1.8. [22] A compact Ka¨hler manifold of almost nonpositive holomorphic sec-
tional curvature has a nef canonical line bundle.
For convenience let’s extract the following particular case of Theorem 1.8:
Theorem 1.9. [22] A compact Ka¨hler manifold admitting a Ka¨hler class of almost non-
positive holomorphic sectional curvature has a nef canonical line bundle.
1.3. Motivation and main results. Given Theorems 1.8 and 1.9, it seems natural to
ask: can we extend Theorem 1.4 to certain setting of “almost” quasi-negative holomor-
phic sectional curvature? Here we propose a notion of almost quasi-negative holomorphic
sectional curvature for a Ka¨hler class, corresponding to Definition 1.7 (3). Recall that on
a compact Ka¨hler manifold X , a Ka¨hler class [ω0] has almost nonpositive holomorphic
sectional curvature, i.e. µ[ω0] = 0, if and only if there exists a sequence of Ka¨hler metrics
ωˆi ∈ [ω0] on X such that µωˆi ց 0. Then the following definition may be natural.
Definition 1.10. On a compact Ka¨hler manifold X , we say a Ka¨hler class [ω0] has
almost quasi-negative holomorphic sectional curvature if there exist a nonempty
open subset U of X , a positive constant δ1 and a sequence of Ka¨hler metrics ωˆi ∈ [ω0] on
X such that
(1) µωˆi ց 0;
(2) κωˆi ≤ −δ1 on U .
Remark 1.11. (1) If a Ka¨hler metric ω0 has quasi-negative holomorphic sectional curva-
ture, then its Ka¨hler class [ω0] obviously has almost quasi-negative holomorphic sectional
curvature.
(2) A Ka¨hler class of almost quasi-negative holomorphic sectional curvature must have
almost nonpositive holomorphic sectional curvature.
Given Theorems 1.4 and 1.9, it seems natural to conjecture that a compact Ka¨hler
manifold admitting a Ka¨hler class of almost quasi-negative holomorphic sectional curva-
ture has an ample canonical line bundle. In this note, we shall prove the following main
result, providing a partial result and a strong evidence for this conjecture.
Theorem 1.12. Let X be an n-dimensional compact Ka¨hler manifold, ω0 a Ka¨hler metric
on X and [ω0] has almost quasi-negative holomorphic sectional curvature. Then we fix
a nonempty open subset U of X, a positive constant δ1 and a family of Ka¨hler metrics
ωˆi ∈ [ω0] satisfying conditions (1) and (2) in Definition 1.10. Assume that there exists a
positive constant δ2 such that for any i,
ωˆni ≥ δ2 · ωn0 (1.2)
4 YASHAN ZHANG AND TAO ZHENG
holds on U . Then the canonical line bundle KX of X is ample.
Remark 1.13. (1) We may mention that we do not impose any conditions on the in-
volved ωi’s on the level of metrics.
(2) In Theorem 1.12 we can further relax the condition [ωˆi] ≡ [ω0] to µωˆi[ωˆi]→ 0 and the
same conclusion is still true, see Theorem 2.1; note that in this more general setting, even
the Ka¨hler classes [ωˆi], as i →∞, could be degenerate or not uniformly bounded on the
level of (1, 1)-classes.
(3) Consequently, a compact Ka¨hler manifold satisfying the assumptions in Theorem 1.12
(or 2.1) admits a Ka¨hler-Einstein metric of negative scalar curvature, thanks to the fun-
damental theorem of Aubin [1] and Yau [21].
1.3.1. A gap theorem for
∫
X
c1(KX)
n > 0. As in Diverio-Trapani and Wu-Yau’s works
[2, 18], a key step to prove our main Theorem 1.12 (or the more general Theorem 2.1)
is to obtain the inequality
∫
X
c1(KX)
n > 0. Note that the inequality
∫
X
c1(KX)
n > 0
is an openness condition. In particular, given Theorem 1.5, it seems natural to expect
that if a compact Ka¨hler manifold admits a Ka¨hler metric whose holomorphic sectional
curvature is “sufficiently approximate” to being quasi-negative, then
∫
X
c1(KX)
n > 0
should hold. From this point of view, it is very natural to explore gap-type theorems for∫
X
c1(KX)
n > 0 in terms of holomorphic sectional curvature. Regarding this, we shall
prove the following, which generalizes the above Theorem 1.5 and may be seen as a gap
theorem for
∫
X
c1(KX)
n > 0.
Theorem 1.14. Let X be an n-dimensional compact Ka¨hler manifold. Arbitrarily fix
a Ka¨hler metric ω0 on X, a nonempty open subset U of X and two positive constants
δ1, δ2. Then there exists a sufficiently small positive number ǫˆ, which depends on the given
ω0, U, δ1, δ2, satisfying the followings. If there exists a Ka¨hler metric ωˆ ∈ [ω0] such that
(a) µωˆ ≤ ǫˆ on X;
(b) κωˆ ≤ −δ1 on U ;
(c) ωˆn ≥ δ2 · ωn0 on U ,
then ∫
X
c1(KX)
n > 0. (1.3)
Remark 1.15. (1) Under the assumptions in Theorem 1.14, actually the integral
∫
X
c1(KX)
n
has a positive lower bound depending only on ω0, U, δ1, δ2, see Section 3.
(2) In Theorem 1.14, if one further assumes that X has a nef canonical line bundle and
contains no rational curves (it is the case if one further assumes that X admits another
Ka¨hler metric which has nonpositive holomorphic sectional curvature, or more generally
that X is of almost nonpositive holomorphic sectional curvature), then KX is ample.
1.4. Organization. Theorems 1.12 and 1.14 will be proved in Sections 2 and 3, respec-
tively.
2. Proof of Theorem 1.12
In this section we shall prove the following more general result, which implies Theorem
1.12 immediately.
Theorem 2.1. Let (X,ω0) be an n-dimensional compact Ka¨hler manifold. Assume there
exist a nonempty open subset U of X, two positive constants δ1 and δ2 and a family of
Ka¨hler metrics ωˆi on X satisfying
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(A1) µωˆi[ωˆi]→ [γ] in H1,1(X,R) as i→∞;
(A2) κωˆi ≤ −δ1 on U for every i;
(A3) ωˆni ≥ δ2 · ωn0 on U for every i;
Then we have
(i) If [γ] < [ω˜0] for some Ka¨hler class [ω˜0] whose α-invariant α[ω˜0] > n, then n[γ] +
2πc1(KX) is nef and big.
(ii) If [γ] = 0, then KX is ample.
Remark 2.2. (1) The α-invariant was introduced by Tian in [13], which is a positive
constant depending only on the Ka¨hler class.
(2) The above item (i) applies when, e.g. the “norm” |[γ]| of [γ] is sufficiently small,
where | · | is the norm defined on H1,1(X,R) as follows. Being a finite-dimensional R-
linear space, we may fix a basis {[β1], ..., [βd]} for H1,1(X,R), where d := dimH1,1(X,R).
Then for an arbitrary [γ] ∈ H1,1(X,R), there exist c1, ..., cd ∈ R (which are unique),
satisfying [γ] =
∑d
j=1 cj [βj ], and we define |[γ]| := max{|c1|, ..., |cd|}. Note that when |[γ]|
is sufficiently small (in particular, when [γ] = 0), we may find sufficiently small positive
constant c with [γ] < [c · ω0], and α[c·ω0] = c−1α[ω0] is sufficiently large, and hence item (i)
applies.
Proof of Theorem 1.12 (assuming Theorem 2.1). Given the assumptions in Theorem 1.12,
we may apply Theorem 2.1(ii) with [ωˆi] ≡ [ω0] and µωˆi[ωˆi] = µωˆi[ω0]→ 0, from which the
required conclusion follows. 
The remaining part of this section contains a proof of Theorem 2.1.
In the proof of Theorem 1.4 in [2], Diverio and Trapani made use of the continuity
method of Wu-Yau [17], and got a key estimate for the solution to the continuity method
via the existence of a Ka¨hler metric of (pointwise) quasi-negative holomorphic sectional
curvature. Our proof for Theorem 2.1 will take the similar strategy of Diverio-Trapani
[2]. However, in our case, as the given Ka¨hler metrics ωˆi’s no longer have nonpositively
signed curvature in the pointwise sense, our result can not be proved by considering a
single continuity method equation. To overcome this difficulty, we will instead work with
a family of the continuity method equations, and then try to find necessary uniform
estimates for such a family of the continuity method equations via almost quasi-negative
holomorphic sectional curvature condition. Roughly speaking, we will use the almost
quasi-negative holomorphic sectional curvature condition to eventually approximate the
required key estimate. During the course of proof, several new issues arise, which will
be overcomed by using a diagonal method, Fatou’s lemma and Tian’s α-invariant. For
the item (ii) of Theorem 2.1, we also need to apply some properties of compact Ka¨hler
manifolds of almost nonpositive holomorphic sectional curvature obtained in the previous
work [22] of the first-named author. The details will be provided in the next subsection.
2.1. Proof of Theorem 2.1. By the assumptions in Theorem 2.1 we may fix a nonempty
open subset U of X , two positive constants δ1 and δ2 and a family of Ka¨hler metric ωˆi on
X satisfying the conditions (A1)-(A3).
2.1.1. Wu-Yau’s continuity method. For every ωˆi we consider the continuity method
Ric(ωi(t)) = −ωi(t) + tωˆi. (2.1)
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Applying Yau’s Schwarz Lemma [20, 21] and Royden’s trick [11], Wu-Yau [17] (see also
[16]) proved that the solution ωi(t) to the continuity method (2.1) satisfies
∆ωi(t) log trωi(t)ωˆi ≥
(
−κωˆi +
t
n
)
trωi(t)ωˆi − 1. (2.2)
Consequently, the solution to (2.1) exists for t ∈ (nµi,+∞), where we have denoted
µi := µωˆi, see [14] (or [22]).
Moreover, we can reduce the continuity method (2.1) to the following complex Monge-
Ampe`re equation:
(tωˆi −Ric(ωˆi) +
√−1∂∂¯ϕi(t))n = eϕi(t)ωˆni , (2.3)
where ωi(t) = tωˆi − Ric(ωˆi) +
√−1∂∂¯ϕi(t).
2.1.2. Good representatives for µi[ωˆi]. As in Remark 2.2(2), we may fix a basis {[β1], ..., [βd]}
for H1,1(X,R), where d := dimH1,1(X,R) and βj is a smooth representative of [βj ],
j = 1, .., d. Then we have real numbers cij and c¯j such that
µi[ωˆi] =
d∑
j=1
cij [βj]
and
[γ] =
d∑
j=1
c¯j[βj ].
By condition (A1) we have, for every j = 1, 2, ..., d, cij → c¯j as i→∞. In particular, cij ’s
are uniformly bounded. Moreover, since [γ] < [ω˜0] (with ω˜0 a Ka¨hler metric on X), we
may fix an h ∈ C∞(X,R) satisfying
d∑
j=1
c¯jβj < ω˜0 +
√−1∂∂¯h.
We may also assume that for every i,
d∑
j=1
cijβj < ω˜0 +
√−1∂∂¯h (2.4)
as we have cij → c¯j .
We shall also fix a ψˆi ∈ C∞(X,R) with ωˆi = µ−1i
∑d
j=1 cijβi +
√−1∂∂¯ψˆi and
sup
X
(µiψˆi + h) = 0. (2.5)
2.1.3. A diagonal sequence. To proceed, we fix a positive number sequence ǫi ց 0 and
define a “diagonal” sequence of metrics from the above family of the continuity method
equations:
ω˜i := ωi((1 + ǫi)nµi).
Correspondingly, we define
ϕ˜i := ϕi((1 + ǫi)nµi).
We need some uniform estimates of ω˜i.
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2.1.4. A positive lower bound for the quotients
−
∫
U
κωˆie
(1+ǫi)µiψˆi ω˜ni∫
X
ω˜ni
. We now apply Fatou’s
lemma and Tian’s α-invariant to give a uniform positive lower bound for
−
∫
U
κωˆie
(1+ǫi)µiψˆi ω˜ni∫
X
ω˜ni
.
By (2.3) and the definitions of the above diagonal sequence, we have(
(1 + ǫi)nµiωˆi −Ric(ωˆi) +
√−1∂∂¯ϕ˜i
)n
= eϕ˜iωˆni ,
which is equivalent to
(
(1 + ǫi)n
d∑
j=1
cijβi −Ric(ω0) +
√−1∂∂¯Φ˜i
)n
= eΦ˜ie−(1+ǫi)nµiψˆiωn0 , (2.6)
where
Φ˜i := ϕ˜i + log
ωˆni
ωn0
+ (1 + ǫi)nµiψˆi.
Since (1 + ǫi)n
∑d
j=1 cijβi − Ric(ω0) ≤ A · ω0 on X for some positive constant A and
µiψˆi = (µiψˆi + h)− h ≤ −h ≤ C on X , applying the maximum principle in (2.6) gives a
constant C ≥ 1 such that for every i,
Φ˜i ≤ C (2.7)
holds on X .
Set Φ˜∗i := Φ˜i − supX Φ˜i. Since Φ˜∗i ∈ PSH(X,Aω0) and supX Φ˜∗i = 0, we may assume
that Φ˜∗i → Φ˜∗0 ∈ PSH(X,Aω0) \ {−∞} in L1(X,ωn0 )-topology by Hartogs Lemma (see
for example [3, Propositions 2.6, 2.7]). Similarly, since
0 < µiωˆi =
d∑
j=1
cijβj +
√−1∂∂¯(µiψˆi) < ω˜0 +
√−1∂∂¯(µiψˆi + h)
and supX(µiψˆi+h) = 0, up to passing to a subsequence, we may assume that µiψˆi+h→
hˆ ∈ PSH(X, ω˜0) \ {−∞}, and hence µiψˆi → hˆ − h, in L1(X,ωn0 )-topology by Hartogs
Lemma.
Next we look at
− ∫
U
κωˆie
(1+ǫi)µiψˆiω˜ni∫
X
ω˜ni
=
− ∫
U
κωˆie
Φ˜ie−(1+ǫi)nµiψˆie(1+ǫi)µiψˆiωn0∫
X
eΦ˜ie−(1+ǫi)nµiψˆiωn0
=
− ∫
U
κωˆie
Φ˜∗i e−(1+ǫi)(n−1)µiψˆiωn0∫
X
eΦ˜
∗
i e−(1+ǫi)nµiψˆiωn0
, (2.8)
in which we have used (2.6). Since Φ˜∗i → Φ˜∗0 and µiψˆi → hˆ − h a.e. on X and both Φ˜0
and hˆ−h are finite a.e. on X , we conclude that eΦ˜∗i · e−(1+ǫi)(n−1)µiψˆi → eΦ˜∗0−(n−1)(hˆ−h) a.e.
on X and hence a.e. on U . Then by Fatou’s lemma we know
lim inf
i→∞
(
−
∫
U
κωˆie
Φ˜∗i e−(1+ǫi)(n−1)µiψˆiωn0
)
≥ δ1 · lim inf
i→∞
∫
U
eΦ˜
∗
i e−(1+ǫi)(n−1)µiψˆiωn0
≥ δ1
∫
U
eΦ˜
∗
0−(n−1)(hˆ−h)ωn0
=: δ˜1 > 0,
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from which we may assume that for every i,
−
∫
U
κωˆie
Φ˜∗i e−(1+ǫi)(n−1)µiψˆiωn0 ≥
δ˜1
2
. (2.9)
On the other hand, we may fix an α0 ∈ (n, α[ω˜0]) and assume that (1+ ǫi)n ≤ α0 for every
i. Then since for every i, Φ˜∗i ≤ 0 on X , we have∫
X
eΦ˜
∗
i e−(1+ǫi)nµiψˆiωn0 =
∫
X
eΦ˜
∗
i e−(1+ǫi)n(µiψˆi+h)e(1+ǫi)n·h · ω
n
0
ω˜n0
· ω˜n0
≤ C1
∫
X
e−(1+ǫi)n(µiψˆi+h)ω˜n0
≤ C1
∫
X
e−α0(ψˆi+h)ω˜n0
≤ C1 · Cα0 , (2.10)
where C1 is a uniform upper bound for e
(1+ǫi)n·h · ωn0
ω˜n0
. Now, plugging (2.9) and (2.10) into
(2.8) gives
− ∫
U
κωˆie
(1+ǫi)µiψˆiω˜ni∫
X
ω˜ni
≥ δ˜1
2C · Cα0
. (2.11)
2.1.5. A lower bound for supU(ϕ˜i+(1+ǫi)nµiψˆi). The above positive lower bound for the
quotients
−
∫
U
κωˆie
(1+ǫi)µiψˆi ω˜ni∫
X
ω˜ni
, (2.11), in turn gives a lower bound for supU(ϕ˜i+(1+ǫi)nµiψˆi).
To see this, we integrate (2.2) and get∫
X
ω˜ni ≥
∫
X
(−κωˆi + (1 + ǫi)µi)(trω˜iωˆi)ω˜ni
=
∫
X\U
(−κωˆi + (1 + ǫi)µi)(trω˜iωˆi)ω˜ni +
∫
U
(−κωˆi + (1 + ǫi)µi)(trω˜iωˆi)ω˜ni
≥ ǫiµi
∫
X\U
(trω˜iωˆi)ω˜
n
i −
∫
U
κωˆi(trω˜iωˆi)ω˜
n
i
≥ −
∫
U
κωˆi(trω˜iωˆi)ω˜
n
i
≥ −n
∫
U
κωˆi
(
ωˆni
ω˜ni
)1/n
ω˜ni
= −n
∫
U
κωˆie
−
ϕ˜i
n ω˜ni
= −n
∫
U
κωˆie
− 1
n
(ϕ˜i+(1+ǫi)nµiψˆi)e(1+ǫi)µiψˆiω˜ni
≥ −ne− 1n supU (ϕ˜i+(1+ǫi)nµiψˆi) ·
∫
U
κωˆie
(1+ǫi)µiψˆiω˜ni ,
i.e.,
sup
U
(ϕ˜i + (1 + ǫi)nµiψˆi) ≥ n log
−n ∫
U
κωˆie
(1+ǫi)µiψˆiω˜ni∫
X
ω˜ni
≥ n log nδ˜1
2C · Cα0
. (2.12)
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We remark that so far we did not use the condition (A3).
2.1.6. End of the proof of Theorem 2.1(i): bigness of n[γ] + 2πc1(KX). From (2.12) and
condition (A3) we have
sup
X
Φ˜i ≥ sup
U
Φ˜i = sup
U
(
ϕ˜i + (1 + ǫi)nµiψˆi + log
ωˆni
ωn0
)
≥ n log nδ˜1
2C · Cα0
+ log δ2. (2.13)
Combining (2.7) and (2.13), we see that, up to passing to a subsequence, Φ˜i → Φ˜0 ∈
PSH(X,Aω0) \ {−∞} in L1(X,ωn0 )-topology by Hartogs Lemma. Therefore, integrating
(2.6) and applying Fatou’s lemma one more time give, up to passing to a subsequence,∫
X
(n[γ] + 2πc1(KX))
n = lim
i→∞
∫
X
(
(1 + ǫi)nµiωˆi −Ric(ωˆi) +
√−1∂∂¯ϕ˜i
)n
= lim
i→∞
∫
X
((1 + ǫi)n
d∑
j=1
cijβi − Ric(ω0) +
√−1∂∂¯Φ˜i)n
≥ lim inf
i→∞
∫
X
eΦ˜ie−(1+ǫi)nµiψˆiωn0
≥
∫
X
eΦ˜0−n(hˆ−h)ωn0 > 0 (2.14)
Obviously, n[γ] + 2πc1(KX) is nef.
Theorem 2.1(i) is proved.
2.1.7. End of the proof of Theorem 2.1(ii): ampleness of KX . For item (ii), since µ[ωˆi] ≤ µi
and µi[ωˆi]→ 0, X has almost nonpositive holomorphic sectional curvature (see Definition
1.7(2)). Then by first-named author’s previous work KX is nef ([22, Theorem 1.6]) and
X does not contain any rational curves ([22, Theorem 1.10] or [23, Corollary 4.1, Remark
4.1(5)]). Moreover, applying item (i) and (2.14) with [γ] = 0 (see Remark 2.2(2)) gives
that ∫
X
c1(KX)
n > 0. (2.15)
Therefore, given nefness of KX and (2.15), KX is big and X is projective, as pointed
out in [2, Section 2]. Finally, since X contains no rational curves, by [7] (see also [17,
Lemma 5] or [2, Lemma 2.1]) KX is ample.
Theorem 2.1(ii) is proved.
3. Proof of Theorem 1.14
In this section we shall prove the following main result, which is slightly more general
than Theorem 1.14.
Theorem 3.1. Let X be an n-dimensional compact Ka¨hler manifold. Arbitrarily fix a
Ka¨hler metric ω0 on X, a nonempty open subset U of X and two positive constants
δ1, δ2. Then there exists a sufficiently small positive number ǫˆ, which depends on the given
ω0, U, δ1, δ2, satisfying the followings. If there exists a Ka¨hler metric ωˆ on X such that
(B1) |µωˆ[ωˆ]| ≤ ǫˆ;
(B2) κωˆ ≤ −δ1 on U ;
(B3) ωˆn ≥ δ2 · ωn0 on U ,
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then ∫
X
c1(KX)
n > 0. (3.1)
Remark 3.2. If [ωˆ] = [ω0] and µωˆ is sufficiently small, then the above (B1) is satisfies,
and hence Theorem 3.1 implies Theorem 1.14.
Proof of Theorem 3.1. Theorem 3.1 can be checked by using the similar idea in the proof
of Theorem 2.1. However, we have to sharpen the involved estimates via the condition
(B1).
Firstly, we fix a positive number δˆ such that the α-invariant of [δˆω0] satisfies
α[δˆω0] ≥ 2.
We also fix a nonnegative number b0 such that
Ric(ω0) ≥ −b0ω0
on X . Note that δˆ and b0 only depend on ω0.
As before, let {[β1], ..., [βd]} be a basis for H1,1(X,R), and βj is a smooth representative
of [βj], j = 1, .., d. We write
µωˆ[ωˆ] =
d∑
j=1
cj[βj ]
for some unique real numbers c1, ..., cd. By condition (B1), we may assume that
d∑
j=1
cjβj ≤ C˜ǫˆω0,
where C˜ is a positive number with βj ≤ n−1C˜ω0 on X for every j. By decreasing ǫˆ, we
may assume 2nC˜ǫˆ ≤ δˆ, and hence
2n
d∑
j=1
cjβj ≤ 2nC˜ǫˆω0 ≤ δˆω0 (3.2)
We also fix a ψˆ ∈ C∞(X,R) with
ωˆ = µ−1ωˆ
d∑
j=1
cjβj +
√−1∂∂¯ψˆ
and
sup
X
ψˆ = 0.
Next, consider the continuity method
(tωˆ −Ric(ωˆ) +√−1∂∂¯ϕ(t))n = eϕ(t)ωˆn, (3.3)
where ω(t) := tωˆ − Ric(ωˆ) +√−1∂∂¯ϕ(t), which has smooth solution for t ∈ (nµωˆ,+∞)
and satisfies
∆ω(t) log trω(t)ωˆ ≥ (−κωˆ + t
n
)trω(t)ωˆ − 1 (3.4)
on X × (nµωˆ,+∞). We know that (3.3) is equivalent to(
tµ−1ωˆ
d∑
j=1
cjβj − Ric(ω0) +
√−1∂∂¯Φ(t)
)n
= eΦ(t)e−tψˆωn0 , (3.5)
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where
Φ(t) := ϕ(t) + log
ωˆn
ωn0
+ tψˆ.
Since ψˆ ≤ 0 on X and for t ∈ (nµωˆ, 2nµωˆ], we have
tµ−1ωˆ
d∑
j=1
cjβj ≤ δˆω0,
we may apply the maximum principle to (3.5) to see that
sup
X
Φ(t) ≤ (nδˆ + b0)n (3.6)
for t ∈ (nµωˆ, 2nµωˆ].
Next we look at
− ∫
U
κωˆe
tψˆ
n ω(t)n∫
X
ω(t)n
=
− ∫
U
κωˆe
Φ(t)e−(1−
1
n
)tψˆωn0∫
X
eΦ(t)e−tψˆωn0
=
− ∫
U
κωˆe
Φ(t)∗e−(1−
1
n
)tψˆωn0∫
X
eΦ(t)
∗
e−tψˆωn0
, (3.7)
where Φ(t)∗ := Φ(t)− supX Φ(t). We set
δ3 := inf
{∫
U
euωn0 |u ∈ PSH(X, (nδˆ + b0)ω0), sup
X
u = 0
}
,
which is a positive number depending only on U, ω0, δˆ, b0,, and hence only on U, ω0. Indeed,
it follows from Jenson’s inequality and [3, Proposition 2.7] that∫
U
euωn0 ≥
(∫
U
ωn0
)
e
1∫
U ω
n
0
∫
U
uωn0 ≥
(∫
U
ωn0
)
e
1∫
U ω
n
0
∫
X
uωn0 ≥
(∫
U
ωn0
)
e
− C∫
U ω
n
0 , (3.8)
where C is a constant depending only on X and (nδˆ + b0)ω0, as desired. Then, using
ψˆ ≤ 0, for t ∈ (nµωˆ, 2nµωˆ] we have
−
∫
U
κωˆe
Φ(t)∗e−(1−
1
n
)tψˆωn0 ≥ −
∫
U
κωˆe
Φ(t)∗ωn0 ≥ δ1
∫
U
eΦ(t)
∗
ωn0 ≥ δ1δ3. (3.9)
On the other hand, by the definition of ψˆ we have
0 < tωˆ =
t
µωˆ
d∑
j=1
cjβj +
√−1∂∂¯(tψˆ) ≤ t
2nµωˆ
δˆω0 +
√−1∂∂¯(tψˆ) ≤ δˆω0 +
√−1∂∂¯(tψˆ),
i.e. tψˆ ∈ PSH(X, δˆω0) for t ∈ (nµωˆ, 2nµωˆ]. By the choice of δˆ, we have α[δˆω0] ≥ 2, and
hence, ∫
X
eΦ(t)
∗
e−tψˆωn0 ≤
∫
X
e−tψˆωn0 = δˆ
−n
∫
X
e−tψˆ(δˆω0)
n ≤ δˆ−nCδˆω0, (3.10)
where Cδˆω0 is a positive number depending only on δˆω0. Set δ4 := δˆ
−nCδˆω0 , then δ4 depends
only on δˆ, ω0, and hence only on ω0. In conclusion, we obtain that for t ∈ (nµωˆ, 2nµωˆ],
− ∫
U
κωˆe
tψˆ
n ω(t)n∫
X
ω(t)n
≥ δ1δ3
δ4
. (3.11)
Then, similar to the previous section, we conclude
sup
U
(ϕ(t) + tψˆ) ≥ n log nδ1δ3
δ4
, (3.12)
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and hence
sup
X
Φ(t) ≥ n log nδ1δ3
δ4
+ log δ2, (3.13)
Now we define
δ5 := inf
{∫
X
evωn0 |v ∈ PSH(X, (nδˆ + b0)ω0), n log
nδ1δ3
δ4
+ log δ2 ≤ sup
X
v ≤ (nδˆ + b0)n
}
,
which is a positive number depending only on ω0, δˆ, δ1, δ2, δ3, δ4, and hence only on U, ω0, δ1, δ2
(see the argument for δ3). By (3.5) and ψˆ ≤ 0,
∫
X
(
n
d∑
j=1
cjβj − Ric(ω0)
)n
= lim
t→nµωˆ
∫
X
(
tµ−1ωˆ
d∑
j=1
cjβj −Ric(ω0) +
√−1∂∂¯Φ(t)
)n
= lim
t→nµωˆ
∫
X
eΦ(t)e−tψˆωn0
≥ lim inf
t→nµωˆ
∫
X
eΦ(t)ωn0
≥ δ5, (3.14)
On the other hand, by (3.2) we see
∫
X
(
n
d∑
j=1
cjβj −Ric(ω0)
)n
≤
∫
X
(
nC˜ǫˆω0 − Ric(ω0)
)n
≤
∫
X
(−Ric(ω0)n + C0ǫˆ
=
∫
X
(2πc1(KX))
n + C0ǫˆ, (3.15)
where C0 is a positive number depending only on the integrals
∫
X
ωs0 ∧ (−Ric(ω0))n−s,
s = 1, ..., n. Plugging (3.15) into (3.14) concludes∫
X
(2πc1(KX))
n ≥ δ5 − C0ǫˆ,
where δ5 and C0 depend only on U, ω0, δ1, δ2. Therefore, when ǫˆ ≤ min{ δ52C0 , δˆ2nC˜}, we have∫
X
(2πc1(KX))
n ≥ δ5
2
.
Theorem 3.1 is proved.
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